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Abstract 



We proposed a general transformation in probabilistic teleportation, which is based on dif- 
ferent entanglement matching coefficients K corresponding to different unitary evolution which 
provides one with more flexible evolution method experimentally. Through analysis based on 
the Bell basis and generalized Bell basis measurement for two probabilistic teleportation, we 
suggested a general probability of successful teleportation, which is not only determined by the 
q-( entanglement degree of transmission channels and measurement methods, but also related to 

the unitary transformation in the teleportation process. 
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av 1 Introduction 

o: 

Quantum entanglement is one of the most fascinating characteristic of quantum physics, a fantastic 
application of entanglement [1, 2, 3] is quantum teleportation, which plays a key role in the field 
of quantum communication. Since the seminal work of Bennett et al. [4], teleportation has been 
the research interest of researchers and a number of work both in theory and experiments has been 
& \ devoted to it [5, 6, 7, 8, 9, 10, 11]. 

Up to now the teleportation has been studied in different branches, such as directly and network 
controlled teleportation [12, 13, 14, 15]; discrete- variables and continuous- variables teleportation 
[16, 17, 18]; prefect and probabilistic teleportation [19, 20] and so on. In fact, one of the key problem of 
teleportation is how to construct an usefulness quantum channel, different channels will yield different 
results, some channels can be used to realize perfect teleportation, while some others can only enable 
probabilistic teleportation. Because of the inevitable interaction with its surroundings, correlations 
in quantum states are difficult to maintain [21, 22], therefore the probabilistic teleportation [23, 24, 
25, 26, 27] has been widely discussed in recent years. 

A necessary and sufficient condition for realizing perfect teleportation and successful teleportation 
has been given in [28, 29, 30, 31]. Based on the Bell basis measurement, we found that if the channel 
parameter matrix (CPM) is unitary, then one can always realize a perfect teleportation (i.e., the 
successful probability p = 1), if the CPM is invertible but not unitary, however, one can only realize 
a probabilistic teleportation (i.e., the successful probability p < 1). 
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Motivated by the idea of Ref. [19], in which the authors introduced an auxiliary qubit to realize 
probabilistic teleportation, we propose some unitary transformation methods in probabilistic tele- 
portation in this work. These methods are based on different entanglement matching coefficients K 
which corresponding to different unitary transformations. Through detailed analysis with the Bell 
basis and generalized Bell basis measurement in two probabilistic teleportation processes, we suggest 
a general probability of successful teleportation, which is not only determined by the entanglement 
degree of transmission channel and measurement methods, but also related to the unitary transfor- 
mation in the teleportation process. For example, if we teleport the unknown one-qubit state \(p) 1 
via the channel state |y?)2,3 = a|00) + &|11), then the whole probability of successful teleportation is 
P = 2(Kab) 2 , where < K < min(A, Our conclusion covers and complements the results of 
Ref. [19]. As different K will give different kinds of evolution methods, one can have more flexible 
and selectable evolution method experimentally. 



2 Entanglement matching and probabilistic teleportation 

Suppose Alice wants to send an unknown one-qubit state |</?)i to Bob 

= R l \i) = R°\0) + R 1 ]!) = a\0) + /3|1>, (1) 

where R l R* = \a\ 2 + \(3\ 2 = 1, with i being taken to be or 1 and a repeated index denotes summation. 
The general two-qubit state |<^) 2 ,3 used as the quantum channel can be expressed as follows 

1^)2,3 = ^ k \jk) = -^(X°» + X 01 |01) + X 10 |10) + X u |ll», (2) 

where X jk X* k = 2. If Alice adopts the standard Bell basis measurement (BM) <f>^ (A = 1,2,3,4) on 
her particles, i.e., <j>\? = (|00) ± \ll))/y/2 and 0-j 4 = (|01) ± \10))/y/2. Then with the denotation of 
Bell basis [28, 29, 30], the total state of the system can be rewritten as 

l*>« = ±=RX*L*\>k) = l -R*Xi k T«\ah) = ^VPK), (3) 
where a\ X)k = X jk T.) = X^ k V2L% is the element of 

a _ YT a _ ( O"o° a l° \ _ ( X °° X W I ( T Q0 T W \ ( A\ 

° ~ XT ~ { < -! A1 J ~ U 01 XU ) \ T o\ TA ) • (4) 
After Alice's measurement, the total state will collapse to 

\^) B = \R l v\ a)k \k). (5) 

Obviously, based on the BM method, all the T a are unitary. So if the CPM X is unitary, one can 
always realize the perfect teleportation (i.e., the whole probability p = 1), if X is invertible but not 
unitary, one can only realize a probabilistic teleportation (i.e., the whole probability p < 1). 

In Ref. [19]. Li et al. presented a protocol of probabilistic teleportation by introducing an 
auxiliary qubit state \0)a and performing an unitary transformation on Bob's state. They employ a 
partially entangled state as the quantum channel, that is 

1^)2,3 = ^"*|jfc> = a|00>+6|ll> (a^b), (6) 
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with a, b being real numbers and a 2 + b 2 = 1. The CPM X = y / 2diag(a, b) is obviously invertible but 
not unitary, so Bob cannot directly retrieve the state by acting (a") -1 on the collapsed state \^ a )B- 
With the standard Bell basis 0^ (A = 1, 2, 3, 4), the total state of the system can be rewritten as 



tot = -^R'X^lXk) = ±=B?a\ x)k \\k) 

= ^feMo) + W» + < 2 Mo> - w» 

+0?, 2 (a/3|O) + bal)) + < 2 (a/3|0> - ba\l))}. 
After Alice's BM (f>\ 2 , Bob will get the unnormalized state as follows 



(7) 



(8) 



In order to obtain the original state, one can introduce an auxiliary qubit state \0)a [19] in Bob's 
state, now Bob's state can be express as 



(9) 



With the standard two-qubit basis (|00), |01), |10), |11))a,3, we propose an unitary transformation 
U with parameter K for the particles (A, 3) 



U 







V 



Kb ^1 - {Kb) 2 

Ka y/l - (KaY 

y/l - (Kb) 2 -Kb 

y/l - (Ka) 2 -Ka 



\ 



(10) 



/ 



where we called K the entanglement matching coefficient of Bob's evolution. To ensure the transfor- 

_L _L' 

>l' |6|- 

After Bob's evolution, the state l^ 1 )/^ turns out to be 



mation U to be unitary, we demand < K < min^ , There are different unitary transformation 
methods with different K. 



'^ 1)a ' 3 = 71 [ Kab \ Q )A(a\0) + /3|1»3 + ay/l-{Kb) 2 a\l) A \0) 3 + byfl - (Ka) 2 f3\l) a\1) 3 - (11) 

Certainly, l^ 1 )^ is not normalized. Now Bob performs measurement on the auxiliary qubit A, 
if the measurement outcome is \1)a, the teleportaton fails, if the measurement outcome is \0)a, the 
teleportation is successfully accessed and Bob's state becomes 



1^)3 = -j=Kab(a\0) + /3|1» 3 



(12) 



Now we discuss the probability of successful teleportation, which contains both Alice's Pa and 
Bob's P B probability. From Eq. (7) one can obtain the Bell state 4>\ 2 occurring probability as 



P\ = ±(0\aa(l\b(3(\aa\0) + bfi\l)h = \\( aa f + W\ 



(13) 
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Similarly, the Bell state (f)\ 2 , 0f 2 and (f>f 2 occurring probability are 



Pl = P\ = \[{aaf + (b(3)%P 3 A = P\ = \W) 2 + (ba)% 



(14) 



If a = b = then P\ — P\ — P\ — P\ — |, which is just the prefect teleportation. 

Now we compute the probability of Bob for obtaining the original state from the state |\1/ 1 )a,3- 
The normalized state corresponding to the state in Eq. (11) is 



m 1 ) 



(A,3)norm 



A,3- 



(15) 



After Bob's successful measurement on \0)a, the probability P B of obtaining the original state 
from the state l^ 1 )^ is 



P 1 



(Kabf 



{aa) 2 + (b(3f 



(16) 



We consider Alice's measurement and Bob's different operations in the teleportation process. For 
Alice's each measurement and Bob's operation, the probability of obtaining the initial state is 



P 1 



pi pi 



■{Kabf 



(17) 



where P\ B is just the square of coefficient of the state Y^ 1 )^ in Eq. (12). 

Summing all the contributions of P\ B = P\ B = P\ B = P\ B = ^(Kab) 2 , we obtain the whole 
probability of successful teleportation as 



P = J2 = UKabf 



(18) 



i=i 



where < K < min(A, -^). 



then the optimal probability is P = 2b 2 . When a = b = -^=, 



If a > b, we take K = K max 
then P m ax = 1, which is just the case for prefect teleportation, and for this special case U is the same 
as that in Ref. [19], i.e. 



U = 



( 



V 



b/a 




yfl - (b/a) 2 \ 

1 
1 - (b/a) 2 -b/a 

-1 J 



(19) 



For different matching coefficients K, one can adopt different kinds of unitary transformation. 
FOr example, when K — 1 the whole probability of successful teleportation is P = 2(ab) 2 and our 
unitary transformation matrix turns out to be 



U 



( h 





a 


° ^ 





a 





b 


a 





-b 





V o 


b 





-a J 



(20) 
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Next we discuss some difference between the probability P = 2b 2 and P = 2{Kab) 2 for two kinds 
of unitary transformation. For arbitrary a 2 + b 2 = 1 and a ^ b, there are always P = 2b 2 > 2(ab) 2 . So 
Eq. (20) is an unitary transformation for obtaining the optimal probability. However, the condition 
a 2 + b 2 = 1 and a > b yields b 2 < 1/2, and therefore one can only obtain probability P < 1. When 
K = 1 we have P = 2(ab) 2 , and the normalization condition a 2 + b 2 = 1 gives rise to P ma x = 1/2 
with a 2 = b 2 = 1/2, thus one can only attain the probability P = 2(ab) 2 < 1/2 for a ^ b. 

Because < K < min(4r , 4r), when 1 < K < 2 (here a > b and a ~ 6), then P = 4(ab) 2 ~ 26 2 . 
For this case there are a little difference between the probability P = 2b 2 and P = 4(ab) 2 for the two 
kinds of unitary transformation (see Fig. 1). 




Fig. 1. Comparison of the probability with different channel parameters. 

Different matching coefficients K correspond to different unitary transformations. Although 
P = 2b 2 > 2(Kab) 2 , it provides one with more flexible selection for probabilistic teleportation. 



3 Probabilistic teleportation with generalized BM 

Considering now Alice makes a generalized Bell basis measurement (GBM), these are 

0i 2 = a '|00) + 6'|11), 0i )2 = fe'|00) — a'|ll>, 0f )2 = a'|01) + 6'|10), = 6'|01) — a'|ll>. (21) 

where a' 2 + b' 2 = 1 and a' ^ b'. The transformation matrix T between the generalized Bell basis and 
computation basis {|00), 1 01) , 1 10) , 11)} is 



T 



I a! 

V 

a 1 V 

V b' -a' 



b ' \ 
-a' 



J 



(22) 



Let us reconsider the aforementioned one-qubit teleportation, under the generalized Bell basis, 
the total state of the system is 



l*>« = -^R l X^\\k) = \R^ )k \\k). 

After Alice's GBM (f)\ 2 i Bob will get the corresponding unnormalized state as follows 

l^ 1 )^ = (aa'a\0) + bb'P\l)), \^ 2 } B = (ab'a\0) - ba'/3\l}), 
\^ 3 } B = (aa'0\O) + bb'a\l)), \^) B = (ab'(3\0) - ba'a\l)). 



(23) 



(24) 
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When Bob introduced an auxiliary qubit state \0)a for \ ^ a ) b, and make an unitary transformation 
Ui to the state l^ 1 )^, with 



/ 



Kbb' 




V 



1 - (Kbb') 2 

yjl - (Kaa') 



yjl - (Kbb'f 

Kaa' 
-Kbb' 




where < K < min(j^7|, pjj), the state l^ 1 )^ becomes 





y/l - (Kaa') 


-Kaa' 



\ 



(25) 



A,3 



-j=\0) A [Kaba'b'(a\0) + f3\l)h 



+ 



a^/l-(Kbb') 2 a\l} A \0} 3 +b^l-(Kaa'Y!3\l) A \l)z. 



(26) 



If Bob's measurement outcome is 10)^, the teleportation is successfully implemented. 
Considering Alice's Bell basis measurement 1 and Bob's evolution on | ^3/ 1 ) ^1,3, the probability of 
successful teleportation is 



P\ B = (Kaba'b'f 



(27) 



Similarly, After Bob's U 2 , U 3 and U4 transformation to the corresponding states and measurement 
on the auxiliary qubit, the probability of successful teleportation respectively are 



P\b = P\b = PIb = (Kaba'b'f. 
Thus the whole probability of successful teleportation is 

P = A(Kaba'b') 2 . 



(28) 



(29) 



Next we discuss the optimal probability of successful teleportation by entanglement matching for 
the following two cases: 

(1) \a\ > \a'\ > \b'\ > \b\. For this case, \aa'\ > \bb'\, \ab'\ > \ba'\, so we take K = in U\ and 



U 3 , K = |-^| in U 2 and U 4 , for which one can obtain P\ B = P\ 



\ab'\ 

optimal whole probability is 



\bb 



l\2 



\ba'\ 2 + \bc'\' z + \bd'\' z = 2\b\ 2 . 



J\2 



AB 



'1 1 2 



\bb 



,/|2 p2 _ p4 
AB — AB 



\ba'\ 2 . The 



(30) 



(2) \a'\ > \a\ > \b\ > \b'\. In this case, \aa'\ > \bb'\, \ba'\ > \ab'\, so we take K\ = K 2 = 



for which we have P\ B = P\ B 



\bb 



< 1 2 p2 

AB 



p4 

AB 



p = J2p t = 2\b 



ab 

i\2 



f\2 



\aa'\ ' 

The optimal whole probability is 



(31) 



From the above analysis, one can see that the optimal probability of successful teleportation is 
determined by the smaller value of |6| and |6'|, i.e., the optimal probability is determined by the 
entanglement degree of Alice's measurement or the quantum channel. However, for K < K max = 
min(r^7|, pry), the whole probability of successful teleportation is P = A(Kaba'b') 2 . Therefor, the 
general probability of successful teleportation is not only determined by the factors of the channel 
and measurement, but also related to the unitary transformation during teleportation process. 
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4 Conclusion 



The unavoidable influence of environment always induces degradation of quantum correlations, there- 
for the study of probabilistic teleportation is significant for quantum information processing. In this 
paper, we generalized the protocol of probabilistic teleportation by introducing an auxiliary qubit 
and the unitary transformation methods. Moreover, through the analysis based on the Bell basis and 
generalized Bell basis measurement in two probabilistic teleportation, we suggested a general prob- 
ability of successful teleportation, which is not only determined by both the entanglement degree of 
transmission channels and the measurement methods, but also related to unitary transformation in 
teleportation process, i.e., P = 2(Kab) 2 , Although P = 2(Kab) 2 < 2(b) 2 (the optimal U transforma- 
tion). However in experiment, it is more important to realize successful teleportation. As different 
entanglement matching coefficients K will give different U evolution methods, so one can have more 
flexible selectable evolution method experimentally. 
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